i
|
|
:

A NOTE ON MIXTURE DESIGNS DERIVED
FROIV! FACTORlALS1

By :
M.S. RAMACHANDRA MURTHY AND J.S. MURTY
Osmantia University, Hyderabad . - = ..:
(Received : February, 1980)

SUMMARY

~ The present panef provides an eipression for the relation between the

. estimates of parameters of a linear model fitted through factorial design

and those of the linear model fitted through the corresponding mixture
design. T

1. INTRODUCTION

Expenments for the study of response surfaces in whlch the
response depends’ on]y on the relative proportions of the predlctor
variables xi, in each combination, but not on their amounts, are
termed- as experiments with mixtures (Scheffe 1958, 1963).. If xi is
the proportwn of the zth component in an # component mixture, then

n o . o . . C .
E z Cx=1, x_t>0, i=I,‘2, e B A ...(I.I‘)
i=1 - ‘ ’ : B i
xt s are called mixture variables. Experimental desxgns for mixture
experiments where in proportions for each component vary over the
entire range 0 to I have been studied by Scheffe (1958, 1963) and

Murty and Das (1968). Scheffe suggested the first and second degrce
polynomial functions for theresponse surfaces of mixture experiments,

as ) - o
y1=z Bi xi . (1.2)
i=1 - ] . . o

‘1This- work was first presented at, the 33rd Annual Conference of the
Indian Society of Agricultural Statistics held at Trichur in Dec., 1979. It was
later included in [4]. ' T
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and
~ g . ~
‘n—1 —1 -1, —1
0 (n—2f —f, —f
] 0 0 (n—3)’g, 8 &) . (@22)
S n(m—1) ‘ '
0 0 .. k -kl
S S ... s . S
L ! . =

in which the letters f, g, k, ... S are determined such that the sum of

~ squares of each row is 1. Becker (1969) suggested-an alternative

transformation with

REz=r=d
1'— s LA/ :}: n J”_
Y= n-:i; vn’ nxvn 7;—1 ‘/” ..(2.3)

—_ JTe —_
‘\/n n-—1 vn
where o
la, blr: is rXxr matrix with a as every diagonal element and
every off diagonal element as b, and

Jn-1 . (n—1)x] vector with every element unity.

Thompson and Myers (1968) suggested a matrix M in Wthh the
last row has different elements rather than identical elements as in
(2.2) and (2.3). . P

3. THE LINEAR MODEL

Let wiu denote the level of the i** factor in the u'* combination
(i=1,2, .., n—1; u=1,2, .., N)of W and yu the corresponding
response. Assurmng that yu is linearly related with (win, wou, ...,
Win_y )u) the linear model (1.4) in w’s will be

E(Y)=(J: W) B e (3.1)
where _ »
Yt (3 yeee V)
W : Nxn—1 factorial design matrix
B : (b by,e.., bum1).
The least squares estimate of B is

wlomims) e
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If on the other hand, the response Yu is linearly related to
(xlu, X2u, . an) the model (1 2) will be ’

E(Y)=xB ...(3.3)
where . :
X 1. Nxn mixure design matrix, and
g’ ;: (B, Be,..., Ba) is a-vector of unknown parameters.

The least squares estimate of B is

b=Crxt xy, ..(3.4)
Smce X and Ware related by (2 1) we dernve below the relatlon
between 3 andB .
From (3.1) and (3.3), using (? 1),

__ J W) B=[(WO0) M+J x| 6. . (3.9)
Writing =~ M= C%ﬂ I ' ..(3.6)
we get ' '
uw B=(WM+7 x) B o (3.7
Y X4H \a - - )
e 7
-Assuming that (J: %) is'of rankn . - - o '
a | xp 14 . C
B_(Ml) B A ..(3.8)

“The .inverse in' (3.8) can be evaluated using a result in- Westlake
(1968)." Suppose the .matrix P=(Py)n, n differs from the matrix
Q=(g5 ) n, nin the k® column. Then writing P! - (p“) :

n

q*=(¢¥) and Z,= z Pir-g.. , we have

r=1
'J—P"—thk? for t;ék
.
gti= PT for i=k. .

NowwntmgP =(My M), Q= (M Xo)
and 2'=(Zs, Za, .., Zn)=(Mx4y
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\ .
we get
-
Mny Mny atim __Zn—1 Hiny
7. ni Z nia1 Zn s Mn 1,1 Zn
My, VA ng Zgn’ln Zn-1m,
(Xé)l— Z s Mi1g— Z s Mg Z1. 2’ , Min 1,2 — nZIn i
M,y
m Zam Zsm -
Znnn s Min—— 1Z n”; Maon—+ 2Znnn > s Mn_1,n— Z"Z:lnm””
— ' —
[My (Maxo)™ : Mj — M3 (szo) X M1, ..(3.9
If we assume M= \/I_. Jun as. as in (2.2) and (2.3), then
_ n ' .
Moxe= - and
24 v n
x/ —1 . ’ ’ - ‘
l— v :] =[Jn, 1. (In—‘Jru XO) Ml] (310)
l_.Ml N .

Therefore, from (3.9_)

A '-‘:- ‘;‘ -A. v . . B
Bty Ui 1 2y M{1B (1D

In particular, if

'XO_. PRI ,...,v I’l -
if the origin is shifted to the cent_roid of the simplex and‘M has the
form given in (2.3) then

f=U:Mp) B L LB12)-

. . . ' ! A .
From (3.1) the disp.e-rsion matrix of B'is given by

D(BA)=[ W'J. W'W]—l 2 - A.>..(3.I3.)

When W represents a s"‘1 factonal des1gn with levels

0 ﬂ: k1, :i: Kz, :*:v'_ks;"
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it can be easily verified that

W’J=0 and
W'IW= Mln-]_, n-1
s .
where S ~(3.14)
| 51 »
: 2
K= zkf, N=s"1
i=1
J
e -
., DB)= o2 ...(3.19)
. - ' ) 0 _2].:‘[_[{'171—1, n-1 i - )
From (3.11)
L 0
A N
D (B)=[Jn, 1. (In—‘Jn, 1 x(,) Mi] P
Lo Zaghom
Jin
JJ’ s

(I —Jxp)" | o*= T+ g B J5%0) Iy — Ixg) 0%

M,

...(3.16)
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